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The effective longitudinal focusing force of the radio-frequency~rf! field in an rf linear accelerator~linac!
allows for the loss of particles due to the natural tail on the thermal equilibrium distribution. Equations are
derived and numerical results are presented for the resulting fractional loss rate of particles from the rf bucket.
This loss rate represents the best possible case. Existing accelerators have beams that are not in thermal
equilibrium. Equipartitioning, mismatch, and phase oscillations, effects that are not treated here, can lead to
emittance growth, the formation of nonthermal tails~halos!, and greater particle losses.
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I. INTRODUCTION

Radio-frequency~rf! linear accelerators for applications
such as heavy ion inertial fusion, high energy colliders, tri-
tium production, and the transmutation of radioactive nuclear
waste require beam currents that are high enough that space-
charge forces play a significant role in the beam evolution
and equilibrium properties. Nonlinear or oscillating space-
charge forces have been shown to result in tails or halos on
the transverse particle distribution@1–4#. At high enough
energies, particle losses into the conducting channel can
cause radioactivity, inhibiting routine maintenance. Frac-
tional particle losses as small as 1028 per meter have been
predicted to cause radioactivity in the accelerators proposed
for radioactive waste transmutation@5#. The formation and
existence of transverse halos@1–3# and transverse thermal
tails @4# in high-current beams have been studied in order to
predict the particle losses resulting from nonlinear forces and
from oscillations due to mismatch in the transverse direction.
Here we consider particle losses in the longitudinal direction
in an rf field, which can also lead to current losses into the
conducting channel in high-current linacs.

The effective external focusing field of an rf accelerating
and focusing wave is nonlinear and drops off after a certain
distance in the trailing end of each bunch@6#. Particles mov-
ing backward from the trailing end of a bunch can leak out of
the region of phase in the rf wave in which the bunch can be
contained~the rf bucket!, and due to coupling between the
longitudinal and transverse forces, they can then become lost
into the conducting channel. A bunch with an anisotropic
temperature or a nonequilibrium density profile will relax
toward a thermal equilibrium distribution, which has a natu-
ral tail in the longitudinal direction. This tail will lead to the
loss of particles from the rf bucket. Thermal equilibria have
been found previously for a bunched beam with linear exter-
nal focusing forces@4,7#. The method used in Ref.@4# is used
in Sec. II with the inclusion of nonlinearities in the focusing
in the rf bucket. In Sec. III, equations are derived and nu-
merical results are presented for the fractional current loss

rate from the thermal equilibrium distribution.
The bunched beams in existing linear accelerators are

generally not in thermal equilibrium. The ratio of the trans-
verse to longitudinal focusing force constants is increased as
the beam propagates along the channel in order to reduce
current losses in the transverse direction, and as a result the
transverse and longitudinal temperatures are not equal. The
relaxation of an anisotropic temperature leads to emittance
growth @8# and the formation of nonthermal tails~halos! on
the distribution, which can lead to further particle losses in
both the transverse and longitudinal directions. The particle
loss rates that are found here represent a best-case scenario,
in which each bunch is in thermal equilibrium in the external
focusing field, and is free from oscillations in the phase and
in the bunch length. An accelerator with a bunched beam that
is maintained near thermal equilibrium has recently been
proposed@9#.

II. THERMAL EQUILIBRIUM

The thermal equilibrium line charge density with linear
external focusing forces has a parabolic shape at zero tem-
perature, and a Gaussian shape in the limit of high tempera-
ture. For finite, nonzero temperatures the shape is determined
numerically by combining the Boltzmann relation with the
Poisson equation,
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wherefs is the self-potential including images,rW is position,
q is the particle charge,e0 is the permittivity of free space,
f(rW) is the total potential~self and external focusing!, kB is
Boltzmann’s constant, andT is the temperature.

The effective external focusing potential on the axis in the
rf field in cylindrical coordinates (r ,z) is @6#
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whereEm is the peak rf electric field,v rf is the frequency of
the rf field,v0 is the beam velocity~the velocity of the syn-
chronous particle in the lab frame!, andw0 is the synchro-
nous phase. When the bunch size is much smaller than the rf
bucket, this is approximately a quadratic potential with a
linear focusing force, centered atz50. The rf electric field
and the effective focusing potential on the axis are shown in
Fig. 1 for a synchronous phase ofw05240°. A more de-
tailed description of the longitudinal focusing and a deriva-
tion of Eq. ~2! can be found in Ref.@6#. For the bunch to be
close to equilibrium with an external focusing potential that
allows some current to be lost, it is assumed that in the time
scales of interest the fractional particle loss is small enough
that the equilibrium of the remaining particles is not signifi-
cantly affected by the losses.

An approximation for the rf focusing field off the axis is
found by transforming the potential of Eq.~2! into the beam
frame, expanding in even powers ofr and solving for the
coefficients from Laplace’s equation@10#. The result de-
scribes the rf focusing in the beam frame, in which the rf
field has no magnetic component. In the laboratory frame the
rf field has a magnetic component that results in a transverse
force; this force, however, can be included in an effective
electrostatic potential in the laboratory frame provided that
the particle velocities are nonrelativistic in the beam frame.

Magnetic lenses~solenoids or quadrupoles! provide a
transverse external focusing force that is approximated as
continuous along the channel~independent ofz) and linear
in radius in cylindrical coordinates. The potential for this
force is written asf'e5

1
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ticle mass,g05(12v0
2 /c2)21/2 is the relativistic factor,c is

the speed of light, andkx0 is the transverse focusing wave
constant. The resulting effective electrostatic potential in the
laboratory frame is
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in which the expansion inr for the rf field is taken up to
sixth order. Since the synchronous phasew0 is negative, the

majority of the beam is contained within the region
z.v0w0 /v rf , for which the transverse component of the rf
field provides a defocusing force.

Figure 2 shows a set of thermal equilibrium line charge
density profiles with a synchronous phase ofw05240° and
a phase half-width ofDwm540°. These profiles were found
by Newton’s method with simultaneous overrelaxation@11#,
as was done in Ref.@4#. Line charge densities are in units of
rL0, the line charge density at the center of the equivalent
parabola, which is defined to have the same root-mean-
square~rms! value forz, the same number of particles, and
the same synchronous phase. The temperature of each profile
is defined by the longitudinal space charge tune depression,
kz /kz0, which is calculated from the envelope equation@9#.
kz andkz0 are, respectively, the longitudinal focusing wave
constants with and without space charge; a tune depression
of zero corresponds to zero temperature and a tune depres-
sion of one corresponds to the high temperature limit~neg-
ligible space charge forces!.

The amplitude of the external focusing for the profiles
shown in Fig. 2 is adjusted in each case in order to keep the
rms value forz constant for profiles with different tempera-
tures. The phase half-width is defined as the phase half-width
of the equivalent parabolic line charge profile. The aspect
ratio in the beam frame (g0zm /rm) is 5 for the profiles of
Fig. 2; g0zm andrm are, respectively, the half-length~in the
beam frame! and peak radius of the equivalent uniform el-
lipsoid @4#. The profiles of Fig. 2 are similar to those with
linear focusing@4,7#, except for the asymmetry due to the
extension of the bunch into the nonlinear regions of the ef-
fective rf focusing field. The profiles drop off more slowly in
the backward direction, where current losses occur. Figure 3
shows the density profile for a bunch with an aspect ratio of
g0zm /rm52, a synchronous phase ofw05230° and a phase
half-width ofDwm520°. The longitudinal space charge tune
depression iskz /kz050.4 and the transverse space charge
tune depression iskx /kx050.48. The radius is in units of
rm , the longitudinal distance is in units ofzm , and the den-
sity is in units ofn0, the density of the equivalent uniform
ellipsoid.

FIG. 1. The rf electric field~a! and the effective focusing poten-
tial on the axis of the rf field~b! for w05240°.

FIG. 2. Normalized line charge density profiles with a synchro-
nous phase ofw05240° and a phase half-width ofDwm540°. The
profiles from 1 through 5 correspond to longitudinal space charge
tune depressions of 0.95, 0.8, 0.65, 0.5, and 0.3, respectively. The
aspect ratio in the beam frame isg0zm /rm55.
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III. CURRENT LOSSES FROM THERMAL EQUILIBRIUM

The loss of particles occurs at the local maximum in the
total potential, which is slightly closer to the synchronous
phase than the local maximum in the effective focusing po-
tential in Fig. 1. The fractional particle loss per meter along
the channel is found from the flux of particles due to thermal
motion across this boundary. This flux is proportional to the
line charge density, which is determined numerically from
the thermal equilibrium profiles.

The flux of particles with densitynb and longitudinal ve-
locity distribution f (v i) across a perpendicular boundary in
the beam frame is

F5E
0

`

nbv i f ~v i!dv i . ~4!

With a Maxwellian velocity distribution with temperature
Tb in the beam frame@12#, the number of particles per unit
time crossing the boundary in the beam frame is
@rLb(zlb)/q#(kBTb /2pm)1/2, in which rLb(zlb) is the line
charge density in the beam frame at the boundary where the
total electric field is zero.rL(zl) is the same quantity in the
laboratory frame, which is related to the beam frame line
charge density byrLb5rL /g0. The resulting fractional loss
per unit distance along the channel in the laboratory frame is
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This can be rewritten as
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whereēnz5 z̄(g0
3kBT/mc2)1/2 is the rms normalized longitu-

dinal emittance @6#, z̄ is the rms value for z, and
b05v0 /c. rL(zl)/rL0, the normalized line charge density at
the longitudinal position where the total electric field is zero,
is determined numerically for each profile. Figure 4 shows
the normalized line charge density atzl as a function of
kz /kz0 for a synchronous phase ofw05240° and phase
half-widths ofDwm520°, 30°, and 40°~lines 1, 2, and 4,
respectively! and for a synchronous phase ofw05230° and
phase half-width ofDwm520° ~line 3!.

The profiles in Fig. 4 all have an aspect ratio in the beam
frame of g0zm /rm52 and a pipe radius ofb53rm
53( 52)

1/2r̄ ( r̄ is the rms radius!. In general, bunches with

smaller aspect ratios have more significant nonlinearities re-
sulting from the rf field, and slightly higher loss rates with
the samekz /kz0. Figure 5 shows the normalized line charge
density as a function ofkz /kz0 for a synchronous phase of
w05240°, a phase half-width ofDwm530°, and aspect ra-
tios of 2, 5, and 10~lines 1, 2, and 3, respectively!.

As an example, consider the equipartitioned rf proton
linac from Ref.@9#, which has a frequency ofv rf553109

s21 and a peak rf electric field of 3.23106 V/m in the high
energy structure, particle mass of 1.67310227 kg and a
charge of 1.6310219 C. The velocity varies from 6.43107

m/s ~at 22 MeV withg0'1.02) to 2.63108 m/s~at 938 MeV
with g052). The normalized rms longitudinal emittance is
1.3731026 m rad; g0z̄ is 8.731024 m at 22 MeV and
3.531023 m at 938 MeV. Usingw05240°, values for the
normalized line charge density are obtained from Fig. 4. At
low energy~22 MeV! Dwm520°; with kz /kz050.95 ~a high
temperature!, Fig. 4 gives a value for the normalized line
charge density of about 1027, resulting in fractional particle
losses of about 631029/m along the channel if the beam is
perfectly matched and free of oscillations about the synchro-
nous phase.

FIG. 3. Density as a function of position in cylindrical coordi-
nates, withw05230°,Dwm520°, g0zm /rm52, andkz /kz050.4.

FIG. 4. Normalized line charge density at the longitudinal posi-
tion where losses occur vskz /kz0, for w05240° andDwm540°,
30°, and 20° ~curves 1, 2, and 4, respectively!, and for
Dwm520° andw05230° ~curve 3!. The aspect ratio in the beam
frame isg0zm /rm52.

FIG. 5. Normalized line charge density vskz /kz0 for
w05230° andDwm520° with aspect ratios ofg0zm /rm52, 5,
and 10~curves 1, 2, and 3, respectively!.
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IV. CONCLUSION

A mechanism has been described by which current can be
lost due to thermal motion during the acceleration and lon-
gitudinal focusing of bunched beams in rf linacs. Thermal
equilibrium density profiles have been found for a bunched
beam focused by the nonlinear forces of the rf bucket in an rf
linac, and by the linear transverse focusing of magnetic so-
lenoid or quadrupole lenses. Equations have been derived
and numerical results presented for the fractional loss rate of

particles from the rf bucket due to thermal motion in the
natural tail in the equilibrium distribution. These loss rates
are of fundamental importance for rf linacs because they rep-
resent the best possible case. Effects such as equipartitioning
and mismatch and phase oscillations, which are not included
in this paper, can lead to emittance growth, the formation of
nonthermal tails~halos!, and greater particle losses.
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